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Abstract 

A close parallelism between the notions of nonlinear pseudobosons and of an 
apparent non-Hermiticity of observables as shown in paper I is demonstrated 
to survive the transition to the quantum models using unbounded metric in 
the so called standard Hilbert space of states. 



1 Introduction 



The core of the difference between the current bosonic and fermionic quantum states 
is reflected by the respective number operators with eigenvalues which may be any 
non-negative integer for bosons and just zero or one for fermions. The most natural 
unification of these states is being achieved under the notion of supersymmetry 
[Ij. The latter concept finds a further generalization in the models exhibiting the 
so called nonlinear supersymmetry (NLSUSY, meaning, in essence [2], that the 
anticommutator of the so called charges becomes equal to a nonlinear polynomial 
function of the Hamiltonian) or, alternatively, in the models composed of the so 
called nonlinear pseudobosons (NLPB, [3]). 

There exists [4] a close relationship between the abstract NLSUSY algebras and 
their representations in terms of certain manifestly non-Hermitian operators (or, 
more explicitly [5], cryptohermitian operators) of quantum observables with real 
spectra. Remarkably enough, the latter observables may very traditionally be se- 
lected as ordinary differential linear Hamiltonians. In different context, their large 
subclass (called, conveniently, PT— symmetric Hamiltonians and sampled by the 
Bessis' and Zinn- Justin's [6] = —9^ + ix^) has recently been made extremely 
popular by Carl Bender with coauthors [3, [8]). 

In our preceding paper I |9] we demonstrated that there also exists a similarly 
close connection between the same class of the cryptohermitian Hamiltonian (of 
Hamiltonian-like) operators H ^ W and the class of the generalized, NLPB number 
operators M ^ M'^ . At the same time we felt it rather unfortunate that the rigorous 
formulation of the expected third possible connection between the NLPB systems 
and NLSUSY algebras was still missing. 

We saw one of the reasons in the emergence of a number of subtle technical dif- 
ficulties attributed to the unbounded-operator nature of the Hamiltonians H ^ H'^ 
which are needed in the NLSUSY model building [10]. As a consequence, our for- 
mulation of the equivalence between the notions of the cryptohermiticity and NLPB 
characteristics of quantum systems in paper I relied, heavily, on the assumptions of 
the boundedness of the operators entering the scene. 

In particular, the latter constraint has been applied to the so called metric oper- 
ator 6 which enters the definition of the inner product in the so called "standard" 
physical Hilbert space of states 'H*-'^-' (this notation has been introduced in [5]). Un- 
der such a constraint we followed the notation conventions introduced in the series 
of recent papers by one of us (F.B.) and spoke about the "regular" NLPB systems 
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in paper I. 

In this context, our present paper II will start from an appropriate weakening of 
the assumptions. This will enable us to formulate, rigorously, the third, "missing" 
connection between the NLPB systems and NLSUSY algebras. 

Our constructions will start from a systematic clarification of the appropriate 
definitions. Firstly, the notion of the cryptohermitian Hamiltonians will be left 
reserved for the class of bounded operators H ^ W. The phenomenologically 
inspired consistency of the use of such a severely restricted class has been advocated 
by Scholtz et al [H] who imagined that the related simplification of the mathematics 
proves vital, in their case of interest, for the practical feasibility of the interacting- 
boson-model-inspired variational calculations of the spectra of the heavy nuclei. 

In the present context motivated by the needs of supersymmetry, the overall 
situation is much less easy. First of all, one cannot restrict one's attention to the 
bounded (i.e., in our notation, cryptohermitian) Hamiltonians H ^ W anymore. 
In order to reflect such an important change of perspective, we shall rechristen the 
"unbounded cryptohermitian" Hamiltonians H ^ W to "quasi-Hermitian" Hamil- 
tonians. Such a terminological aspect of the problem has also been discussed, after 
all, also in the introductory part of our preceding paper I. In the present paper 
such a terminological convention may find an independent and very sound historical 
support in the introduction of such a name, by Dieudonne [12], as early as in 1964. 

Within the broadened perspective, the present usage of the name of quasi- 
Hermitian Hamiltonians will be mostly accompanied by the concrete selection of 
an ordinary differential linear Hamiltonian, like the PT— symmetric Hamiltonians 
cited above. Let us remind the readers that we have shown in paper I that the 
notions of regular non-linear pseudo-bosons and cryptohermiticity are, under certain 
sound assumptions, equivalent. One of the assumptions used all along that paper 
is related to the fact that the intertwining operator is bounded with bounded in- 
verse or, equivalently, that the two sets of eigenstates of M and M"'' are Riesz bases. 
However, in the above-mentioned physical applications (and many other ones) this 
is not ensured at all. In these cases the role of the unbounded operators becomes 
crucial. 

In the present paper we shall show that many of our previous results can still 
be extended when the unbounded operators are involved. The paper is organized 
as follows: in section [2] we shall return to the notion of the "hidden" Hermitic- 
ity [5] and distinguish, for our present purposes at least, between its form called 
cryptohermiticity (in which one assumes that the operators are bounded) and its 
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generalized, unbounded-operator form which will be called here, for the sake of def- 
initeness, quasi-Hermiticity. Subsequently we return to the definition of non-linear 
pseudo-bosons (NLPB) and focus on the case in which these cease to be regular. In 
such a setting we shall outline parallels as well as differences between the results of 
paper I. Section [3] is then devoted to examples, while our conclusions are given in 
Section HI 

2 Observables and metrics: bounded versus un- 
bounded 

2.1 Cryptohermiticity versus quasi-Hermiticity 

Let us, once more, return to the above-mentioned unification of bosons with fermions 
and recall the popular idea of their arrangement into the so called supersymmetric 
multiplets. This idea found a wide acceptance by the theoretical particle physicists 
although, up to now, it does not seem supported by any persuasive experimental 
evidence. This is the main "hidden" reason why the formalism has thoroughly 
been tested via the toy-model formalism of the so called supersymmetric quantum 
mechanics (SUSYQM, [I3]). The simplification proved suitable for the purpose. For 
the sake of brevity one restricts there one's attention just to a system composed of a 
single linear fermion in a combination with an arbitrarily large n— plet of the linear 
bosons [11]. 

Fortunately, the subsequent study of SUSYQM found an independent and fruitful 
motivation in its own, mostly purely formal byproducts. Pars pro toto we might 
mention the development of the concept of the shape invariance of solvable two- 
particle potentials, etc. 

One of the other useful byproducts of the study of SUSYQM may be seen, 
paradoxically, in it incompleteness as noticed by Jewicki and Rodrigues [15]. On an 
abstract level this point may be characterized as a sort of incompatibility between 
the analytic implementation and the algebraic essence of the formalism. Indeed, in 
the latter context one reveals that a different angular-momentum-like parameter i 
enters, in principle, the two partner Hamiltonian-like operators via the centrifugal- 
like interaction term ~ £{£ + l)/r^. In the former context, as a consequence, one 
must very carefully discuss the boundary conditions in the origin. 

Fortunately, in the traditional SUSYQM of the textbooks, it is quite easy to 
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satisfy these dependent boundary conditions (and to ignore the whole "alge- 
braic" shortcoming) by using simply a brute- force suppression of the "dangerous" 
£— dependence of the Hamiltonians in question. Roughly speaking, one simply de- 
cides to restrict one's attention just to the special cases in which + 1) = [1]. 

An unexpectedly successful alternative recipe of the extension of the theory to all 
of the "reasonable" real £ > —1/2 (performing, in effect, its regularization) has been 
found in the small-circle complexification of the coordinate r near the origin [16] . 
Such an origin-avoiding regularization of the Schrodinger equation breaks, naturally, 
the manifest Hermiticity of the Hamiltonian and/or partner sub-Hamiltonians in 
question. For this reason, one must be rather careful - in our present paper we shall 
return to the domain covered by the textbooks by using the recipes as summarized 
rather briefly in Ref. [5] or in our preceding paper I. 

At this point it is important to emphasize that in the latter two papers (as 
well as in their "fathers-founders'" predecessor [H]) the formalism of the so called 
"cryptohermitian" quantum mechanics is built upon the mathematics-simplifying 
assumption that all of the operators entering the game are bounded. We are now 
interested in discussing the mathematically more sophisticated version of the formal- 
ism where the emphasis is being shifted to the differential versions of the operators, 
with a number of illustrative differential-equation examples as reviewed, say, in long 
papers [HJ [T7] . 

For an incorporation of the related necessary weakening of the assumptions let 
us first introduce the following 

Definition 1 Let us consider two operators H and 6 acting on the Hilbert space 
H, with G self-adjoint, positive and invertible. Let us call W the adjoint of H 
in "H with respect to its scalar product and introduce the conjugate operator = 
Q^^H'^Q, whenever it exists. We will say that H is quasi-Hermitian with respect to 
e (QHwrtQ) ifH = HK 

2.2 Quasi-Hermiticity versus the NLPB properties 

It is worth reminding the readers that we are interested in the case in which 
and are unbounded. Using standard facts in functional calculus it is obvious 
that, in the assumptions of Definition [1] the operators B^^^^ are well defined. Hence 
we can introduce an operator h := 6^/^ if 6^^/^, at least if the domains of the 
operators allow us to do so. More explicitly, h is well defined if, taken / G D(G~^/^), 
e-i/2j g and, moreover, ii HQ-^/^f e D{e^/^). 
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Of course, the latter requirements are surely satisfied if H and 6=*=^/^ are bounded. 
This option was considered in paper I. Otherwise, due care is required, forcing us 
to introduce the following, slightly modified terminology. 

Definition 2 Assume that H is QHwrtQ, for H and as above. H is well behaved 
wrt Q if (i) h = Q^/^ H Q~^/^ exists and is self-adjoint, h = h'^ ; (ii) h has only 
discrete eigenvalues e„, ri G No := N U {0}, with eigenvectors e„.- hcn = enCn, 
n G No, and (Hi) if £ := {e.„} is an o.n. basis on %. 



This definition is slightly different from that considered in paper I, and it is more 
convenient in the present context where G is assumed to be unbounded. Similarly, 
the general notion of NLPB should also incorporate the cases which are not regular. 

Definition 3 Given two operators a and b acting on Hilbert space H we will say 
that the triple (a, 6, {cn}) such that cq = < ei < ■ ■ ■ < e„ < ■ ■ ■ is a family of 
NLPB if the following four properties hold: 

• pi. a non zero vector $0 exists in T-i such that a$o = and $0 ^ D°°{b). 

• p2. a non zero vector rjQ exists in "H such that b'' rjQ = and rjQ G Z^°°(a"'^). 

• p3. calling 

1 1 

$n := ^= $0, Vn ■■= ^= a^" Vo, (2.1) 



we have, for all n >0, G D{a), rjn G D{b'^) and 

a$n = Ve^$n-l, b^'nn = V^Vn-l- (2.2) 

• p4. The sets = n > 0} and = {r]n, n > 0} are bases ofH. 

The definitions in (12. ip are well posed in the sense that, because of pi and p2, 
the vectors $„ and ?7„ are well defined vectors of l-i for all n > [18]. In paper I we 
further assumed that and J-"^ are Riesz bases of l-L. Under such a constraint we 
called our NLPB regular (NLRPB). Now, we will consider the fully general case in 
which the latter condition is not satisfied. For the sake of brevity of our discussion 
we shall, at the same time, skip the not too interesting possibility of having the 
multiplicity m(e„) of some eigenvalues e„ greater than one. 
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Definition |2] above will then imply that the set £ produces a resolution of the 
identity which we write in the bra-ket language as 

oo 

|en) (Cnl = 1. 

n=0 

Proceeding further in a close parallel with paper I let us now introduce the manifestly 
not self-adjoint operators 

M = ba, m = = a^bl (2.3) 

We can check that 

e D{M) n D{b) n D{a) , r/„ e D{m) n D(at) n D{b'^), 

as well as 

b^n = y/^n+l $n+l, «V = V^n+l?7n+l, (2.4) 

M$„ = e„$„, mr]n = enVn (2.5) 

which follow from definitions (12. ip and from (12. 2p . Incidentally, this does not au- 
tomatically imply that, for instance, D{a) is exactly the linear span of the $n's. 
Dip, but only that D{a) 3 D^. The eigenvalue equations themselves imply that the 
vectors in and J-"^ are mutually orthogonal, 

{^n,Vm) = Sn,m, (2.6) 

having fixed the normalization of $o and r/o in such a way that ($0; ^70) = 1- Recalling 
[18] we remind the readers that conditions {pi, p2, p3, p4} are equivalent to {pi, 
p2, p3', p4}, where 

p3'. The vectors $„ and ?7„ defined in (12. ip satisfy (12. 6p . 

Let us now complement M and 971 by a pair of further operators 

N:=ab, ^■=N^ = b^al (2.7) 

It is easy to check that G D{N), rjn G -D(OT), and that A^$n = ^n+i^n and 
^??n = en+i?7n, for all n > 0. If the sequence {e^} diverges for diverging n it is clear 
that the operators involved here, a, b, M, N and so on, are unbounded. Moreover, as 
already discussed in the Introduction, also the intertwining operator between M and 
M\ see below, will turn out to be unbounded, contrarily to what happens in paper 
I. For this reason we will pay particular attention to this aspect of our construction. 
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To begin with, let us define an operator X on a certain dense domain D{X) as 
follows: D{X) 3 f X f := {rjn, f) ^n- The set D{X) contains, for instance, 

all the vectors of whose linear span is dense in "H: hence the norm closure of 
D{X) is all of "H, so that X is well defined. Now, for all / G D{X) and for all m > 0, 
we see that (77^, (X/ — /)) = 0. Therefore, since J-",, is complete in "H, Xf = f. In 
other words, X is the identity operator on D{x) and it can be extended to all of "H. 
Then, using Dirac's bra-ket notation, we can write 

El'^")(^-l = El^")('^«l = l- (2.8) 

n n 

Let US now define two more operators, S^s, and Srf, on their domains -0(5*$) and 
D{Sr,), by letting h = J2n (^n, h) rjn be in D{S^) and setting 

S^h = Y,{'^n,h)<^n. (2.9) 

n 

Analogously, let / = J2n iVn, f) be in D{Sr,). Then we define 

n 

In the Dirac's notation this means that := J2n \^n) {^n\ and 5*^ := J2n \Vn) {Vn\- 
It is clear that both these operators are densely defined. Indeed, calling as before 
-D$ and Drj respectively the linear spans of and J-"^, we see that C D{Srj) 
and D,^ C D{S,s,). In particular, 

Sri^n = Vn, 3^7]^ = $n, (2.11) 

for all 77, > 0. The last equations have an interesting consequence: since J-^ and 
J^ri are not Riesz basei^, S*^ and 5'$ are necessarily unbounded operators. This 
means that they cannot be considered, or called, frame operators, as in our previous 
papers, since in standard frame theory the frame operator is necessarily bounded 
with bounded inverse. It is also easy to check that they are both positive definite, 
{h, S^h) > 0, {f,Snf) > 0, for all non zero h G D{S^) and / G -0(5*^), and that 
they are one the inverse of the other: 

Srj = S^\ (2.12) 

"'^Recall that this is the situation we are interested in, here. The case in which these are Riesz 
bases was ah'eady considered in paper I 
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For that, we have to prove that, if / G D{Sri), then S*^/ G D{S,s>) and S<s>{Sr,f) = /, 
and that, if /i G D{S^), then S'.j./i G D{Sr,) and S'^(S'<i,/i) = /i. 

Let / G /^(S*^) be a norm-hmit / = ||.|| - hniAr^oo In of /n = Y.k=o (Vk, f) ^k, 
with SrjfN converging uniformly in "H to what we call (S*^/). In other words, both 
{/at} and {SrifN} are ||.||-Cauchy sequences. To check that {Sr,f) belongs to -0(5$) 
it is enough to check that {5*$ (5*^ /at)} is a ||.||-Cauchy sequence as well. This is 
true since S^{SrifN) = In for all A^, which is a ||.||-Cauchy sequence by assumption, 
converging to /. This concludes half of what we had to prove. The proof of the 
other half is similar. 

A direct computation finally shows that D{S}^) = D{Sri), D{Sl,) = D(S'$), and 
that Srf = Sjj and 5*$ = S*^. 

Remark: An apparently simpler definition of S*^ and 5$ would consist in fixing 
their domains to be exactly -D$ and D^j, respectively. This is equivalent to a restric- 
tion of the operators considered so far. However, this choice is not appropriate for us 
since, in particular, it is not clear if for instance -0(5*$) = D{Sl,) [I2]. Nevertheless, 
similar restrictions will be quite useful in the next section. 

2.3 Relating M and for non-regular NLPB 

We are now interested in deducing a relation between M and M"^ using the operators 
Sq, and Sr^. The starting point is the eigenvalue equation M$„ = e„$„, together 
with the equality ?7„ = S^^n obtained before. Hence M$„ G -0(5^) and we have that 
Srj{M^n) = ^nVn, for all u > 0. This equation implies also that r]n G D{SrjMSq>), 
and that, for all n > 0, 

{Sr,MS^-Wl)r]n = 0. (2.13) 

This equation, by itself, is not enough to ensure that S'r,M$„ = OJt. We know 
(see [I9], Problem 50) that for an unbounded operator A, the validity of equation 
Acn = for all vectors e„ of a basis still does not imply, in general, that A = C§|. 
In other words, even if it is rather reasonable to imagine that (S'^M$„ — DJl) rj^ = 
implies that SrjM^n = this is not guaranteed at all. For this reason, as already 
anticipated in the previous remark, we define the following restrictions: 

Mo = M\n^, No = N\n^, mo = m\n,, % = 01 ^„ . (2.14) 

For these operators we can prove that 

S^MoS^ = dJlo, Ml = Tlo, (2.15) 
^In order to be so, we should have Ae„ = for all bases! 
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as well as 



Sr,NoS^ = % 



(2.16) 



Indeed we can check that, for instance, DiVJUo) = D^Sj^MoS^) = and that 
the operators fHo and Sr^M^S^ coincide on Dr^. Therefore, for these restrictions, 
formulas analogous to those found in paper I are recovered. 

The following theorem, which extends to non regular NLPB an analogous result 
proven in paper I, can now be deduced: 

Theorem 4 Let H he well behaved wrt Q, with 6 = 0''' unbounded, positive and 
invertible. Then it is possible to introduce two operators a and b on H, and a 
sequence of real numbers {e„, n G No}, such that the triple {a,b, {e„}) is a family of 
non regular NLPB. 

Vice-versa, if (a, b, {cn}) is a family of non regular NLRB, two operators can be 
introduced, H and Q, such that Q = Q'^ is unbounded, positive and invertible, and 
H is well behaved wrt 6. 



The proof is slightly different from that given for bounded operator, so that we 
will give it here. 

First, we assume that H is well behaved wrt O, where = O'' is an unbounded, 
positive and invertible operator. Of course, our hypotheses imply that (i) := 
Q'^WQ is well defined and coincides with if; (ii) that h = Q^^^HQ~^^^ is also 
well defined, and self-adjoint; (iii) that £ is an o.n. basis of eigenvectors of h, with 
eigenvalues {e„}, of "H: hcn = enCn, for all n > 0. 

Therefore, Q^/^HQ-^/^Cn = e„e„, e„ E D{Q-^/^y, consequently, H{e-^/^en) = 
e„,(6~^/^e„). This suggests to define the vectors $„ := 6~^/^e„, which belong to 
D{H) and satisfy the eigenvalue equation = ^n^n- Since h = h\ we can 

repeat the same considerations starting from h'^ . Hence, defining rjn := 6^/^e„, we 
deduce that rjn G D{W) and that H^rjn = enTjn- The sets := n > 0} and 

'■= {Vn, n > 0} can be proven to be bases of Ti. Indeed, let us take a vector 
/ G D(0^/^), such that / is orthogonal to all the vectors in J-'^j. Therefore we have, 
for all n > 0, 



which implies that O^/^/ = 0, so that / = as well. Using standard results, see 
[20] for instance, we conclude that all the elements of "H can be expanded in terms 
of J^rj, which is therefore a basis of all of "H. Analogously, we can check that is a 



Proof 



o = (/,^n) = (/,e 



V^e„> = (eVV,e„>, 
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basis of 1-L. However, due to the fact that 6^^/^ are unbounded, and are not 
Riesz bases. 

Let us now define two operators a and h on D{a) = D{h) := Dq, as follows: let 
/ = Ylik=Q^k^k be a generic vector in Then 

N N 

a/ := ^CfcA/e^$fc„i, h f := y^^CkyJek+i^k+i- (2.17) 

k=l k=0 

In particular these imply that a$„ = ^/e^<l>„_i and that = ^e^+i $n+i, for all 
n > 0. Now, recalling that eo = 0, we deduce that a$o = 0. Also, iterating the 
raising equation above, we find that := 6" $0) which implies, in particular, 
that $0 G D^{b). Hence condition pi of Definition [3] is satisfied. 

To check condition p2 we first have to compute a"'' and . It is possible to check 
that, for all n > 0, ?7„ e D{a^) D D{b^), and that 

aV = A/e„+i rjn+i, b^Vn = y/e^Vn-i, (2.18) 

so that, clearly, b'^rjQ = and, again acting iteratively, rjn G i5°°(a^). In fact, we find 
that r]n ■= ^^ a'^^ T]o. Condition p3' is clearly true, while condition p4 was already 
proved. 

Let us now prove the converse implication, that is, let us see how NLPB produce 
two operators, H and 0, satisfying Definition [2j 

This is a consequence of equation fl2.15p . Sr/MoSq, = TIq, which we can rewrite as 
Mq = S^^M^Sr^. Hence, the operators H and 9 in Definition [1] are easily identified: 
H is Mq, while G is S"^, and Mq is QHwrtS*^. With this in mind the operator h 
becomes h = S^^'^MqS^^^'^. First of all, we need to understand if h is well defined. 
For that, recalling the properties of S*^ and using the spectral theorem, we deduce 
that S*^^^^ are well defined. 

1 /2 

Let us now observe that, if / G D{Sr,), then / G D{Sr, )■ This follows from 
the equality (/, 5^/) = WS^^ff- Analogously, if /i G D{S-^), then h G D{S;^^''^). 

1 /2 

Therefore, since G D{S.,^), G D{S^' ) as well, so that we can define new 
vectors of "H as e„ := S'y^<I>„, n > 0. Notice that e„ G DlSr/"^) fl D{Sr,^^'^). In 
fact we have: Sr^ e„ = S'r,<I>„ = f]n, and S*,, e„ = It follows that e„ G D{h) 
and that /ie„ = e„e„. Standard arguments, [20], finally show that the linear span 
of £ := {e„} is dense in "H, showing in this way that h is well defined. Finally, we 
can also check from the definition that (e„, Cm) = Sn,m'- £ is an o.n. basis of l-L. It 
is now clear that h = h^. 

□ 
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We want to briefly consider few consequence of tliis theorem, which are very 
similar to those found in paper I. 

1. The Dirac's representations of the operators introduced so far can again be 
easily deduced. Thus, we have 

oo oo 

a = '^^/^^\<^n~l) {Vn\, 6 = ^ (^/n | • (2.19) 

n=0 n=0 

We can also deduce the similar expansions for and 6^ and for 

oo oo oo 

h = ^en\en) {en\, = ^e„|<l>,,) (?7„|, and if = ^ e„|?7„) 

n=0 n=0 n=0 

2. As in paper I, operators S*^ and Sq,, and their square roots, behave as inter- 
twining operators. This is exactly the same kind of result we have deduced 
for regular pseudo-bosons, where biorthogonal Riesz bases and intertwining 
operators are recovered. For instance, equation fl2.15p produces the following 
intertwining relation: S<s>Mo = TloSip. 

3. Even if h is not required to be factorizable, it turns out that it can still be 
written as h = 6e«e, where ae = 6^/^a9^^/^ and be = 6^/^69^^/^. We 
can write [ae,be] = e^/^[a,b]e~^/^ ^ [a,b], but if [[a,b],e^/^] = 0, which is 
the case for linear pseudo-bosons. Thus, hamiltonian h can be written in a 
factorized form, at a formal level at least. 

3 Non-regular NLPB in differential-operator re- 
alizations 

This section will be divided in two parts, with the first one offering a physical 
motivation and background of what will be discussed in the second subsection. 

3.1 Nonlinear supersymmetries 
3.1.1 Antilinear operators 

In a historical perspective and in the context of physics and quantum theory the 
emergence of the pair of non-self adjoint factorized operators (12. 3p may be traced back 
to Ref . [To] . In this letter the usual form of supersymmetric quantum mechanics (in 



12 



which one traditionally assumes that M = M'^ [H]) has been generalized. In our 
present language the idea of Ref. [10] (cf. also its presentation in a broader context in 
Ref. [1]) may be characterized as lying in the use of nonlinear regular pseudo-bosons. 
Indeed, in the approach of Ref. [10] using M ^ the supersymmetry connecting 
bosons with fermions has been realized in the representation space spanned by states 
defined by Eq. fl23|) . 

The quantum system presented in Ref. [10] may be recalled here as our first 
illustration of the immediate applicability of the general NLRPB formalism in the 
very concrete physical and phenomenologically oriented situations. Firstly, following 
the notation of Ref. [TD] we have to define the pair of the factorized sub-Hamiltonian 
operators M = M*^^^ = B^'^'^A^'^^ where the quadruplet of the factors may be chosen 
in the form of linear differential operators 

= + W^^\x), i?W = -- ^ + W^^\x) . (3.1) 

dx dx 

Once we fix a real constant e > and select, for the sake of definiteness, 

1 



w^^Hx) = ± 



i(x ± ief 



(3.2) 



the main result is the validity of the refactorization 

M(+) = TA^-^B'^'^T . (3.3) 

The complex-conjugation antilinear operator T can be interpreted as mimicking the 
time-reversal operation performed over the system. 

The readers are recommended to find more details (e.g., the relevant older ref- 
erences and/or a generalization of the ansatz (13.21) in loc. cit.). It is worth adding 
that the transition to non-hermitian interactions makes the model truly inspiring. 
Its structure may be perceived as an immediate predecessor of the introduction of 
the abstract concept of pseudo-bosons in Ref. [21] where also an immediate follow-up 
preprint [22] has been cited. 

A few years later a further, so called tobogganic generalization of the whole 
formalism has been proposed and summarized, say, in the recent compact review 
paper [23]. The core of the generalization lied in the Riemann-surface-adapted 
generalization of the operator T 7^ T"^. Due to the circumstances one must set 

A = -t4- + TVr (x) , B = -^T"^ + (x)r^i 
dx dx 

i.e., one must redefine further the creation- and annihilation- like operators of Eq. ( 13. ip 
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3.1.2 Regularizations by complexifications 

Among the illustrative textbook quantum systems of SUSYQM a special role is 
played by the one- dimensional harmonic-oscillator Schrodinger equation 

— + r^]tP{r) = EiP{r), ^{r) e L2{-oo,oo) . (3.4) 

In Ref. [21] this example found a natural PT-symmetric two-parametric generaliza- 
tion in the so called Kratzer's harmonic oscillator 

cP G \ 

-r^ + 7 —tt; + - 2icx - ] ip{x) = E(p{x), (p{x) e L2(-oo, oo). 

dx^ [x — icy J 

(3.5) 

Here the real constant c 7^ regularizes the centrifugal-like spike at any coupling 
strength G = — 1/4 so that the wave functions may be defined as living on the 
whole real line. The parameter a should be chosen positive and, in the simpler, non- 
degenerate case, non-integer. This implies [23] that the complete set of normalizable 
eigenfunctions may be numbered by the quasi-parity g = ±1 and by the excitation 
n = 0,l,2,.... At the respective c— independent bound-state energies 

E = Eg„ = 4n + 2 + 2qa (3.6) 

wave functions become defined, in closed form, in terms of Laguerre polynomials 

ip{x) = const. (X - ^c)-'''^+y\-i-ic)V2 j^i-ga) _ ^^^2j _ (3 7^ 

Naturally, the new spectrum of energies is not equidistant, though it is still real and 
composed of the two equidistant subspectra. 

Although the reality of the energies (13.61) of the states (12. ip themselves (possess- 
ing, in addition, the so called unbroken PT symmetry [7]) seemed to be in contrast 
with the manifest non-Hermiticity of the underlying operators M, the puzzle has 
been clarified in Ref. [25]. We were able to show there that our apparently non- 
Hermitian model (13. 5p generating the real spectrum of energies may be re- interpreted 
as self-adjoint. For this purpose we showed, in [25], that the inner product may 
be modified in such a way that the induced norm remains positive definite. We 
also showed that in spite of the immanent ambiguity of such "hidden-Hermiticity- 
mediating" changes of the inner product, one of the most natural definitions of a 
unique inner product may be based on the use of "quasi-parity" [25] (which is now 
better known as "charge" [8]). 
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3.1.3 The implementation of supersymmetry 

In the uhimate stage of development of the SUSYQM construction as presented in 
Ref. [26] we were able to describe one of the most natural deformations of the struc- 
ture of the creation- and annihilation-operator algebra. Its detailed form followed 
from the c 7^ regularization of the singular harmonic oscillator of Eq. (13 .Sp where 
the regularized Hamiltonian will be denoted by the superscripted bracket symbol 
in what follows. 

Our construction just paralleled the standard supersymmetrization of the cur- 
rent, regular harmonic oscillator (13. 4p (cf. [11] for details). Firstly, we replaced 
the above-proposed cubic-oscillator toy-model superpotential of Eq. (13. 2p by its 
harmonic-oscillator alternative 

= x-ic- oO (3.8) 
X — ic 

with any real 7. Secondly, in the manner compatible with the supersymmetric 
recipe yielding the two (viz., "left" and "right", 7— numbered) families of quantum 
Hamiltonians 

i/W = BA = p^ + -W, i/gj = AB = p^ + W^ + W' (3.9) 
we verified that 

h[1] = i/t"! - 27 - 2, h[]^^ = i/I^l - 27 (3.10) 

where a = I7I and (3 = I7 + 1|, respectively. Further details may be found in 
Refs. [26] and [27]. 

3.2 Non-regular pseudo-bosons 
3.2.1 The hidden Lie-algebraic structures 

In ref. [26] we revealed the existence of the second-order diff^erential operators 

^(-7-1) ^(7) = ^(7-1) ^(-7) = A(a) 

^(-7) 5(7-1) ^ ^(7) ^(-7-1) = B(a) 

which acted as the true respective annihilation and creation operators in our spiked 
and complex harmonic-oscillator model, 

A(a) = C5(A^, 7) B(a) = c,iN, 7) 4ti 
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where C5(A^, 7) = —4^ {N + 1)(A^ + 7 + 1). The corresponding generahzation of 
the pseudobosonic version of the Heisenberg algebra has been shown, in Ref. [28], 
for the Lie algebra s/(2, IR) with the renormalized generators A(q;)/-\/32, B(q;)/-\/32 
and if / 4 and with the commutators 

A(a) B(a) - B(a) A(a) = 8 i/'"' 

and 

A{a)H^°'^ - ii(")A(a) = 4A(a), //("^ B(a) - B{a) H^"^ = 4B(a). 
3.2.2 Reinterpretation 

The operators A{a) and B(a), and the functions allow us to construct a non 
trivial example of NLPB satisfying pl-p4 of Definition 121 For that we begin to 
define two operators a := —A{a) and b = — B(a), a countable family of vectors 
$„ := Cn^ and the following sequence of non-negative numbers: e„ = c^{n + 1,7)^. 
Then a$„ = y^$„_i and &$„ = ^e„+i$„_|_i. Let now be the closure of the 
linear span of the vectors $r).'s, which, in general, is a proper subset of "H. "H is a 
Hilbert space, in which a unique biorthogonal basis J-"^ = {?7„}, (?7„, $m) = Sn,m, can 
be introduced, [29]. The first vector of this biorthogonal set, rjo, satisfies condition 
p2 of Definition [3l Indeed we have 

for all A; > 0. Hence, being complete, 6^770 = 0. To check now that rjo belongs to 
D°°(a'^), we consider the following scalar product: (a'^$„, 770), which is zero whenever 
k > n due to the lowering property of a on the set On the other hand, if 
k < n, we deduce that (a^<l>„,?7o) = y/etJ.6n,k- Therefore, since 5n,k = i^n^Vk), we 
deduce that ^$n, (^-^7=? io.^)''Vo ~ ~ ^ n > 0. Hence, using once more 
the completeness of we deduce that 77^ = ^Je^.ia}^^^ for all k: this shows 
that ?7o G -D°°(a^) and that the various vectors of the unique biorthogonal basis 
introduced above are related as in equation f l2.ip . To fulfill all the requirements of 
Definition [3] we finally have to prove that b'^r]n = v^?7n-i- The proof goes like this: 
for all k>0, 

{b^rjn, = {Vn, b $fe) = ^/e^Sn-l,k = {Vn~l, ^k) , 

so that {{b'^rjn — y/£^f]n~i) ,^k) = for all k. Since is complete, this proves 
that 6 is a lowering operator for J^^, as required. We conclude that NLPB can be 
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constructed out of this model, but they are not, in general, regular, due to the fact 
that the operator S'^ mapping to J-"^ is, in general, unbounded. Incidentally, we 
also deduce that and ?7„ are respectively eigenstates of if*^") and with the 

same eigenvalue, |(en+i — Cn)- This is connected to the fact that these operators are 
related to the operators M = ba and M"!" = a'^b'' (and to their specular counterparts 
N = ab and A^^ = 6^a^) introduced in Section II. 

4 Conclusions 

The key motivation of our present NLPB-related studies I and II was twofold. 
Firstly, in a series of papers [30] - [36] one of us (F.B.) considered the canonical 
commutation relations [a, 6] = 1 in a generalized version in which b was not nec- 
essarily equal to a^. In parallel, in another series of papers (cf., e.g., their most 
recent samples [37] - [H]), the second one of us (M.Z.) studied the possibility of 
the weakening of the Hermiticity of the observables in a few quantum systems of an 
immediate phenomenological appeal and/or methodical interest. 

In paper I we announced the possibility of connecting these two alternative points 
of view. In particular we addressed the problem while simplifying its technical 
aspects by the acceptance of the operator-boundedness assumptions as currently 
made in the physics literature [TT] . This enabled us to clarify the role of the metric 
(specifying the inner products in the correct Hilbert space of states) from the NLPB 
point of view, and vice versa. We also endorsed the message of Refs. [H] and [5] 
by re-recommending the practical use of the factorizations of the metrics G into the 
individual Dyson-map factors Q. 

Later on we consulted several less accessible mathematics-oriented references 
(e.g., [12]) and imagined that there exist many situations in physics (with some of 
them being cited above) in which the picture provided by the bounded operators ap- 
pears insufficient. For this reason we returned to the subject of paper I. In its present 
continuation we incorporated the above-mentioned new knowledge and perspective 
into a necessary weakening of the underlying mathematical assumptions. 

In paper II we revealed, first of all, that in the territory of unbounded operators 
the functional structure obtained from a and b, and from the so-called pseudo-bosons 
related to these, may be much richer than the one described in paper I. Still, many 
ideas of paper I survived the generalization. In particular, in the presently specified 
quasi-Hermitian case we still succeeded in the clarification of the conditions under 
which one can still work with the NLPB formalism where the two biorthogonal bases 
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remain obtainable as eigenstates of the two number-like operators, M and M"!", with 
eigenvalues which are not equal to integers in general. 

In a certain synthesis of our originally separate starting positions we showed that 
even in the quasi- Hermit ian context with unbounded operators the doublet of the 
generalized number operators M and iVfl" (and of N and A^^ as well) may still be 
perceived as interconnected by an intertwining operator. The latter intertwinner 
has been shown specified using the two sets of eigenstates. At this point we made 
an ample use of the extended notion of pseudo-bosons in which their essential char- 
acteristics play the role. In this sense we believe that the role of the generalized 
number operators might acquire more and more relevance in the future applications 
of the formalism where the boundedness of the operators of the observables cannot 
be guaranteed and where, in addition, the Hermiticity of these operators is "hidden" . 

We dare to believe that our present results might encourage a further growth of 
interest in the practical use of quasi-Hermitian operators of observables in applied 
quantum theory. Keeping in mind the presence of many obstacles and mathematical 
puzzles in this field, we expect that the present clarification of at least some of them 
might re-encourage the mathematically sufficiently rigorous further search for the 
representations of quantum systems in which the inner product in the standard 
Hilbert space in nontrivial. In particular, our present results might encourage a 
return to all of those constructions where the physical inner products proved formally 
represented by unbounded metric operators Q while their formal factorization = 
Q'^Q into "microscopic" Dyson maps would still be difficult to perform. 

Acknowledgements 

F.B. acknowledges M.I.U.R. for financial support. M.Z. acknowledges the support 
by the GACR grant Nr. P203/11/1433, by the MSMT "Doppler Institute" project 
Nr. LC06002 and by the Institutional Research Plan AV0Z10480505. 

References 

[1] Bagchi B K 2001 Supersymmetry in Quantum and Classical Mechanics (Boca 
Raton, FL: CRC Press) 

Junker G 1996 Supersymmetric Methods in Quantum and Statistical Physics 
(Berlin: Springer) 



18 



[2] Andrianov A A, loffe M V, Cannata F and Dedonder J-P 1999 Int. J. Mod. 
Phys. A 14 2675; 

Andrianov A A, Cannata F, Dedonder J P and loffe M V 1995 Int. J. Mod. 
Phys. A 10 2683; 

Samsonov B F 1996 Mod. Phys. Lett. A 11 1563; 
Samsonov B F 1999 Phys. Lett. A 263 274 
Plyushchay M 2000 Int. J. Mod. Phys. A 15 3679 

Andrianov A A, Cannata F and Solcolov A V 2007 Nucl, Phys. B 773 107; 
Siegl P 2008 J. Phys. A: Math. Theor. 41 244025 

Bagarello F 2010 J. Math. Phys. 50 023531 

Znojil M 2001 Czech. J. Phys., 51 420 

Znojil M 2009 SIGMA 5 001 

Bessis D 1992 private communication with MZ; 
Zinn- Justin J 2010 private communication with MZ 

Bender C M and Boettcher S 1998 Phys. Rev. Lett. 80 5243 

Bender C M 2007 Rep. Prog. Phys. 70 947 

Bagarello F and Znojil M 2011 J. Phys. A: Math. Theor. 44 415305 

Znojil M, Cannata F, Bagchi B and Roychoudhury R 2000 Phys. Lett. B 483 
284 

Scholtz F G, Geyer H B and Hahne F J W 1992 Ann. Phys., NY 213 74 
Dieudonne J 1961 Proc. Int. Symp. Lin. Spaces p 115 
Witten E 1981 Nucl. Phys. B 188 513 

Cooper F, Khare A and Sukhatme U 1995 Phys. Rep. 251 267 

Jevicki A and Rodrigues J 1984 Phys. Lett. B 146 55; 
Znojil M 2003 Nucl. Phys. B 662 554 

[16] Buslaev V and Grecchi V 1993 J. Phys. A: Math. Gen. 26 5541 

19 



[3_ 

[6: 
[7: 

[9 

[lo; 

[ii; 

[12; 

[is; 

[14 
[15" 



Mostafazadeh A 2010 Int. J. Geom. Methods Mod. Phys. 7 1191 
Bagarello F 2011 J. Math. Phys., 52, 063521 

Halmos P R 1982 A Hilbert space problem book (New York: Springer- Verlag) 

Hansen V L 2006 Functional analysis: entering Hilbert space, (Singapore: 
World Scientific) 

Trifonov D A 2009 in Differential Geometry, Complex Analysis and Mathemat- 
ical Physics, eds. K. Sekigawa et al (Singapore: World Scientific), pp. 241-250 

Znojil M 2000 Annihilation and creation operators in non-Hermitian supersym- 
metric quantum mechanics, arXiv: |hep-th /0012002 V1 (unpublished). 

Znojil M 2010 Acta Polytechnica 50 62 

Znojil M 1999 Phys. Lett. A 259 220 

Znojil M 2001 Conservation of pseudonorm in PT symmetric quantum mechan- 



ics (arXiv: math-ph/0104012) 



reprinted in 2004 Rendic. Circ. Mat. Palermo, Ser. II, Suppl., 72, 211 
Znojil M 2002 J. Phys. A: Math. Gen., 36 2341 

Znojil M 2003 Rendiconti del Circ. Mat. di Palermo, Serie II, Suppl., 71 199 

Znojil M 2003 in "Group 24", J-P Gazeau et al, ed (Bristol: lOP), p. 629. 

Christensen O., An Introduction to Frames and Riesz Bases, Birkhauser, 
Boston, (2003) 

Bagarello F 2012 Pseudo-bosons, so far. Rep. Math. Phys., in press. 
Bagarello F 2010 J. Math. Phys. 51 023531 
Bagarello F 2010 J. Phys. A 43 175203 

Bagarello F and Calabrese F 2010 Boll. Dip. Met. Mod. Mat. 2 15 
Bagarello F 2011 J. Phys. A 44 015205 
Bagarello F 2010 Phys. Lett. A 374 3823 



20 



[36] Ali S T, Bagarello F and Gazeau J-P 2010 J. Math. Phys. 51 123502 

[37] Znojil M 2011 Phys. Lett. A 375 2503 

[38] Znojil M and Geyer H B 2009 Pramana - J. Phys. 73 299 

[39] Znojil M and Tater M 2011 Int. J. Theor. Phys. 50 982 

[40] Znojil M 2010 Phys. Rev. A 82 052113 

[41] Znojil M 2011 J. Phys. A: Math. Theor. 44 075302. 

[42] Japaridze G S 2001 Space of state vectors in PT symmetrized quantum me- 
chanics (arXiv: quant-ph/0104077); 

Kretschmer R and Szymanowski L 2001 "The interpretation of quantum- 
mechanical models with non-Hermitian Hamiltonians and real spectra" (arXiv: 
quantph/ 0105054); 

Kretschmer R and Szymanowski L 2004 Phys. Lett. A 325 112 and Czech. J. 
Phys. 54 71; 

Langer H and Tretter Ch 2004 Czech. J. Phys. 70 1113; 

Davies E B 2007 Linear operators and their spectra (Cambridge: Cambridge 
University Press); 

Siegl P 2009 Pramana - J. Phys. 73 279; 

Guenther U, Langer H, Tretter Ch 2010 SIAM J. Math. Anal. 42 1413. 



21 



